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We demonstrate that zero-energy Majorana bound state, in the ferromagnetic insulator (FI)-superconductor
(SC) junction formed on the edge of two-dimensional topological insulator, exhibits three types of spin-triplet
pairing correlations and its spin polarization direction is position independent in ferromagnetic insulator. When
an electron is injected with a spin (anti-)parallel to this direction, equal-spin Andreev reflection exhibits the
widest (narrowest) resonance peak. Similar behaviour is found when the coupling between two Majorana
bound states in a FI-SC-FI junction is invoked, though an additional weak spin-singlet pairing correlation is
generated. These signatures can readily facilitate the experimental detection of spin-triplet correlations and spin
polarization of Majorana bound states.
PACS numbers: 74.45.+c, 74.78.Na, 74.20.RP, 74.25.F-
Introduction—. Majorana fermions are exotic particles that
are their own antiparticles [1], and have been suggested to
exist as Majorana bound states (MBSs) in condensed matter
systems [2]. Two spatially separated MBSs can define a qubit
that stores information non-locally and is robust against lo-
cal sources of decoherence [5], which together with its non-
Abelian statistics [3, 4] make it exhibit potential applications
in quantum information and quantum computation [6]. Sev-
eral theoretical proposals were raised to realize such states,
like topological insulators proximity-coupled with supercon-
ductors [7–10], semiconductor-superconductor heterostruc-
tures [11–14], and magnetic-atomic chains on superconduc-
tors [15]. Recently, intensive theoretical and experimental
efforts have been made to verify the existence of MBSs in
these systems by employing charge transport properties [16–
28]. However, few attention has been paid to the spin re-
lated phenomena of MBSs [29–32]. Furthermore, the in-depth
classification of spin-triplet correlations and spin polarization
of MBSs are yet unclear [33, 34], especially those in two-
dimensional topological insulator systems. And these char-
acteristics are closely related to the resulting unusual spin-
related transport, like the intriguing selective equal-spin An-
dreev reflection [29, 31].
In this Letter, we present a systematic study of spin-pairing
correlations and spin polarization of MBS/MBSs in ferromag-
netic insulator(FI)-superconductor(SC) and FI-SC-FI junction
formed at the boundary of a two-dimensional topological in-
sulator. For the FI-SC junction, we find a zero-energy MBS,
which possesses three types of spin-triplet pairing correla-
tions and its spin polarization orientation remains unchanged
in the ferromagnetic insulator regime. When two MBSs are
coupled in the FI-SC-FI junction, an additional weak spin-
singlet pairing correlation is generated. In both cases, the
dominated spin-triplet correlations induce strongly contrasted
widths of equal-spin Andreev reflection peaks for injected
electrons with different spin polarizations. As a consequence,
FIG. 1. (color online) (a-c) Schematics of one-dimensional FI-SC,
FI-SC-FI and ferromagnetic metal (FM)-FI-SC junctions mediated
by the edge states of two-dimensional topological insulator (2D TI)
systems, respectively. (d) Schematic energy band for junction in (c).
Solid and open circles indicate electrons and holes, respectively. R
and AR indicate the electron reflection and Andreev reflection, re-
spectively.
the spin-pairing correlations and spin polarization of MBSs
could be experimentally detected in the spin-related transport
measurements.
Model and Formalism—. We consider two different one-
dimensional setups, which are FI-SC and FI-SC-FI junc-
tions formed at the boundary of a two-dimensional topolog-
ical insulator as displayed in Figs. 1(a) and 1(b). The one-
dimensional edge states proximity-coupled with bulk ferro-
magnetic insulator and s-wave superconductor [7] can be de-
scribed by the following Bogoliubov-de Gennes equation in
the representation spanned on the basis of {ϕ↑, ϕ↓, ϕ†↓,−ϕ
†
↑
} [8,
210]:
(
υFσx px + σ · m− µ ∆eiφ
∆e−iφ −υFσx px + σ · m+ µ
)
ψ = Eψ, (1)
where σ = (σx, σy, σz) and υF are respectively Pauli matri-
ces and Fermi velocity of the topological-insulator edge states.
The proximity effects are reflected by the magnetization m and
pair potential ∆eiφ that occur only at the ferromagnetic insu-
lator and superconductor regimes separately. In Fig. 1(a), the
magnetization m is set to be (0, 0,mL), and in Fig. 1(b) it is
set to be (0, 0,mL/R) at the left/right sides of the superconduc-
tor. In our calculations, the phase φ of pair potential plays no
role and thus is set to be zero in below. The chemical poten-
tial µ(x) is determined with respect to the Dirac point and is
assumed to be independently tunable via gating or doping in
each regime [35].
By solving Eq. (1), one can obtain the wavefunctions in
the junctions shown in Fig. 1, e.g., the wavefunction in the
left ferromagnetic insulator region of Fig. 1(a) is ψFI(x) =
ae(−~υFk+FI, E + µFI − mL, 0, 0)Te−ik
+
FI x + ah(0, 0, ~υFk−FI, E −
µFI − mL)T e−ik−FI x where k±FI = i
√
m2L − (µFI ± E)2/~υF, µFI is
the chemical potential, ae/h are the coefficients of evanescent
wavefunctions for electron and hole, respectively. And the
wavefunction in the right superconducting region is ψSC(x) =
b(−e−iα, e−iα,−1, 1)e−ikSCx−Kx + c(eiα, eiα, 1, 1)TeikSC x−Kx where
kSC = µSC/~υF, K = ∆ sinα/~υF, α = arccos(E/∆) for
E < ∆. Here, the wavefunction is obtained under the con-
dition of µSC is much larger than ∆. b and c are coefficients of
wavefunctions that are coherent superpositions of electron and
hole excitations, and can be obtained by solving the continu-
ity condition at the interface. In our consideration, chemical
potentials and magnetizations in ferromagnetic insulators are
respectively set to be zero and ∆.
Spin-pairing correlations can be obtained from the retarded
Green’s function [33, 34, 36, 37], which is closely related to
the spectral function A(E, x) = ψ(x) ⊗ ψ†(x) with ψ(x) being
the wave function of the bound state [33]. And off-diagonal
block Aoff(E, x) can be expressed as:
Aoff(E, x) =
(
0 d0σ0 + d · σ
d∗0σ0 + d
∗ · σ 0
)
, (2)
whereσ0 is 2×2 identity matrix, d0 and d represent separately
amplitudes of the spin-singlet and spin-triplet pairing correla-
tions. To be specific, f0 = d0 is the pairing amplitude of spin-
singlet correlation |↑↓〉− |↓↑〉; f1 = −dx+ idy, f2 = dx+ idy and
f3 = dz are respectively the pairing amplitudes of spin-triplet
correlations |↑↑〉, |↓↓〉 and |↑↓〉 + |↓↑〉.
Single Majorana Bound State—. In a FI-SC junction as dis-
played in Fig. 1(a), a zero-energy MBS can be formed on the
boundary of two-dimensional topological insulator where the
gapless edge modes can be drove to open up a band gap by ei-
ther ferromagnetism or s-wave superconducting pair potential
due to its spin-momentum locking. The probability density
ρ(x) = ψ†(x)ψ(x) of this bound state is plotted in Fig. 2(a) as
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FIG. 2. (color online) (a) Probability density ρ of the zero-energy
MBS as a function of x, with x = 0 the interface of FI-SC junction.
(b-d) Plot of spin-triplet pairing correlations |↑↑〉 , |↓↓〉 and |↑↓〉+ |↓↑〉
in FI-SC junction, respectively. Here, chemical potential is µSC =
50∆, and superconducting coherence length is defined as ξ = ~υF/∆.
a function of position x where one can find that ρ decays ex-
ponentially with the increase of |x| indicating that the MBS is
localized around the interface. We further calculate the spec-
tral function and find a vanishing value of d0. Thus, there
is no spin-singlet pairing correlation. However, spin-triplet
pairing correlations present since d is not zero whose com-
ponent dx is a pure imaginary number while dy,z are real num-
bers. Therefore, the spin-triplet pairing correlation amplitudes
f1,2 = ∓dx + idy have only imaginary parts while f3 = dz has
only real part as plotted in Figs. 2(b)-2(d) where these ampli-
tudes are also localized around the interface and exhibit the
Friedel-type spatial oscillation in the x > 0 superconducting
region with a periodicity of 1/kSC.
The existence spin-triplet pairing correlation indicates that
the MBS has non-zero spin polarization si(x) = ψ†(x)(τz ⊗
σi)ψ(x) where i = x, y, z and τz describes the particle-hole de-
gree of freedom [32, 38]. We find that the x-component of
spin polarization s(x) vanishes in the whole regime while z-
component is also zero in the ferromagnetic insulator region
as shown in Fig. 3(a) where the y and z components are plot-
ted as a function of x. It shows that, in the superconductor
region of x > 0, the local spin polarization of the MBS varies
dramatically and exhibits a spin helix structure; while in the
ferromagnetic insulator region (i.e. x < 0) the spin polariza-
tion orients along −y direction, perpendicular to the magne-
tization m of ferromagnetic insulator. We notice that, to our
surprise, the local spin-polarization direction of MBS is the
same as that of the Cooper pair near the interface, which can
be obtained by sC(x) = i(d× d∗)/|d|2 where subscript C is em-
ployed to distinguish this quantity from the spin polarization
of MBS s(x) [39]. This feature strongly suggests that MBS
and spin-triplet Cooper-pair correlations across the interface
are two aspects of the same thing.
After understanding the spin-pairing correlations and spin
polarization of the MBS, one can naturally determine the spin-
related transport property. For example, the spin-triplet pair-
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FIG. 3. (color online) (a) Local spin polarization of the MBS s(x)
changes as a function of position x ∈ [−0.7ξ, 0.8ξ], which is in the
y − z plane. (b) Probability of Andreev reflection TAR as a function
of excitation energy E of the incident electron for different magneti-
zation mFM. Here, we choose lFI = 2ξ, µFM = 10∆ and µSC = 50∆.
ing correlations can result in the selective equal-spin Andreev
reflection, and the orientation of spin polarization of MBS fur-
ther dominates the selective direction. Therefore, spin-related
properties of MBS in FI-SC can be experimentally detected
by using a transport setup displayed in Fig. 1(c), where a fer-
romagnetic metal (FM) lead is connected to the FI-SC junc-
tion. The ferromagnetic metal is formed on the edge of two-
dimensional topological insulator where the ferromagnetism
can be induced by the proximity effect of a ferromagnetic in-
sulator and the metallic state can be induced by tuning the
Fermi energy as indicated in Fig. 1(d). Moreover, the magne-
tization of the ferromagnetic metal is controllable and can be
changed to any direction mFM = (mx,my,mz). In order to uti-
lize the electronic transport property in the junction, the length
of ferromagnetic insulator should be carefully chosen. In our
consideration, we set lFI = 2ξ. Figure 3(b) displays the prob-
ability of Andreev reflection TAR as a function of excitation
energy E for different mFM. One can see that the zero-energy
MBS leads to resonant Andreev reflection at E = 0, with a fi-
nite width of peak due to the weak coupling between the lead
and superconductor through the ferromagnetic insulator (cf.
Fig. 1(d)).
It is noteworthy that the resonant Andreev reflection oc-
curs for different mFM since it is determined by a joint ef-
fect between the spin-flip scattering and equal spin Andreev
reflection occurring in ferromagnetic insulator regime as de-
scribed below. In the lead, the spin of incident electron par-
allels to (~υFk+ + mx,my,mz)T , while that of Andreev re-
flected hole parallels to (−~υFk− + mx,my,mz)T , where k± =[√
(µFM ± E)2 − m2z − m2y ∓ mx
]
/~υF. For vanishing mFM,
spins of zero-energy incident electron and reflected hole in the
lead are respectively along +x and −x axis, but in the ferro-
magnetic insulator, these spins are flipped to y axis. Due to the
spin-flip scattering, the resonant Andreev reflection exhibits a
narrow peak as displayed by solid-circled line in Fig. 3(b).
For a very large mFM pointing along +y axis, spins of zero-
energy incident electron and reflected hole in the lead are
both approximately along +y axis, equal spin Andreev reflec-
tion occurs for the weakest spin-flip scattering in the absence
of spin flip, and the resonant Andreev reflection exhibits the
widest peak as displayed by empty-circled line in Fig. 3(b).
As a comparison, for large mFM pointing along −y axis, the
strongest spin-flip scattering occurs in the ferromagnetic insu-
lator, leading to the narrowest peak of resonant Andreev re-
flection as displayed by green line in Fig. 3(b). These remark-
able transport signatures can be utilized to verify the presence
of spin-triplet correlations and determine the spin polarization
of MBS.
The spin-selective Andreev reflection in our system is dif-
ferent from that induced by the MBS in the vortex core of
a topological superconductor, semiconductor-superconductor
heterostructures or magnetic atomic chains on superconduc-
tors, where spin-selective Andreev reflection occurs only
when the spin orientation of incident electron is parallel to that
of MBS [31, 40]. Because in FI-SC junction the spin polariza-
tion of MBS in ferromagnetic insulator region is determined
by the evanescent wavefunction in −x direction as given in
above. While in FM-FI-SC junction, the wavefunction of in-
cident electron in ferromagnetic metal lead moving along x di-
rection is matched with the an evanescent wavefunction mov-
ing in x direction in ferromagnetic insulator, which is ψ′FI(x) =
ne(~υFk+FI, E+µFI −mL, 0, 0)T eik
+
FI x+nh(0, 0,−~υFk−FI, E−µFI −
mL)T eik−FI x. Such evanescent wavefunction has opposite spin
polarization compared to that of MBS wavefunction, also in
fact the MBS wavefunction is the reflected wavefunction of
ψ′FI(x) in FM-FI-SC junction.
Two Coupled Majorana Bound States—. Now, we move
to the system with coupling between two MBSs at two in-
terfaces of superconductor in FI-SC-FI junction as displayed
in Fig. 1(b). When the length of superconductor lS is fi-
nite, the wavefunctions of two MBSs are overlapped and cou-
pled to each other with a coupling energy of EM, which split
the two zero-energy MBSs into two fermionic states of en-
ergies ±EM. As displayed in Fig. 4(a), EM decreases and
oscillates with the increase of the length of superconduc-
tor lSC [17, 41]. Such oscillation can be approximated as
EM ∝ e−lSC/ξ cos(µSClSC/~υF), which implies that the coupling
energy also oscillates as the increase of µSC. We further plot
the probability density ρ(x) for the fermionic state of EM in
Fig. 4(b) as a function of x, where one can clearly see that
ρ reaches the maxima at two interfaces indicating the non-
locality of the wavefunction. This character also manifest it-
self for the fermionic state of −EM.
Different from the single MBS, these two fermionic states
possess a weak spin-singlet pairing correlation as shown in
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FIG. 4. (color online) (a) Coupling energy EM of two MBSs as a
function lSC. (b) Probability density of the fermionic state formed
by two coupled MBSs as a function of x, with x = 0, 2.45ξ being the
two interfaces of FI-SC-FI junction. (c-f) Amplitudes of spin-pairing
correlations |↑↓〉 − |↓↑〉 , |↑↑〉 , |↓↓〉 and |↑↓〉+ |↓↑〉, respectively. Here,
µSC = 50∆.
Fig. 4(c), which takes the maximum at the center of super-
conductor and is much smaller than spin-triplet ones shown in
Figs. 4(d)-4(f) where f1,2 are also pure imaginary while f3 is
real. From these figures, one can find that the spin-triplet pair-
ing correlations are maximized around both x = 0 and x = lSC
and oscillate spatially in the superconductor, partly showing
the characteristics of two decoupled MBSs. We further ex-
plore the local spin polarizations s(x) of the fermionic states,
and find that they also have only finite y-component sy in the
two ferromagnetic insulator regions and has no x-component
sx in the superconductor region. Figure 5(a) displays sy(x)
and sz(x) as a function of x. It shows that the local spin po-
larization direction changes spatially manifesting itself as a
spin helix in the superconductor region, while is fixed along
∓y-direction in the left and right ferromagnetic insulator and
meanwhile perpendicular to the magnetization m in both fer-
romagnetic insulators.
In contrast to the single MBS, the Andreev reflection prob-
ability TAR shows strong tunability by changing the chemical
potential of superconductor µSC. In Fig. 5(b), we plot TAR as
function of µSC and energy E of the incident electron, where
we find that, given µSC, the resonant peak occurs when E is
close enough to ±EM as indicated by the black dashed line.
Therefore, the energy spacing of these two peaks of TAR cor-
responds to twice of the coupling energy 2EM. By chang-
ing µSC, one can find that the energy spacing of these two
resonance peak oscillates as shown in Fig. 5(b), which is in
agreement with the dependence of EM on µSC. This depen-
E
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FIG. 5. (color online) (a) Local spin polarization of the fermionic
state formed by two coupled MBSs s(x) as a function of position x ∈
[−0.5ξ, 3ξ], with µSC = 50∆. (b) Probability of Andreev reflection
TAR as a function of excitation energy E of the incident electron and
µSC, with the black-dashed line being the coupling energy of the two
MBSs. (c) TAR as a function of E for different magnetization of mFM
with µSC = 50∆. In (b-c), lFI = 2ξ and µFM = 10∆.
dence of TAR on µSC provides an unambiguous evidence for
the existence of MBSs by the measurement of charge conduc-
tance. Moreover, the width of the resonance peak is also spin-
orientation dependent as shown in Fig. 5(c), which displays
the probability of Andreev reflection TAR in the FM-FI-SC-FI
junction. It is found that when mFM is positively large along
the y direction, TAR provides the widest peak as shown by the
red dotted line; while when mFM is negatively large along the
−y direction, TAR gives the narrowest peak as shown by the
green curve. The dependence of TAR on the magnetization
of the ferromagnetic lead originates from the same physics
as that for the FM-FI-SC junction. Therefore, the splitting
of TAR peak and its dependence on the magnetization can be
utilized to detect the spin-triplet correlations and spin polar-
ization of coupled MBSs, e.g., by directly measuring the dif-
ferential conductance in experiment.
Conclusions—. In summary, we show that a single zero-
energy MBS at the boundary of a two-dimensional topological
insulator exhibits three types of spin-triplet pairing correla-
tions, while for two coupled MBSs there exists an additional
weak spin-singlet pairing correlation. The dominated spin-
triplet pairing correlations lead to nonzero spin-polarization
of MBSs, which oscillates in superconducting regime while
remains the same in ferromagnetic insulator regime. We find
that resonance peak of selective equal-spin Andreev reflection
occurs for incident electrons with any spin orientation, which
however strongly influences the width of this resonance peak.
A widest (narrowest) resonance-peak width occurs when an
zero-energy incident electrons with spin-polarization (anti-
)parallel to that of MBS in ferromagnetic insulator regime.
For the coupled MBSs, the resonance peak at zero energy
splits into two and the splitting oscillates periodically as the
5the chemical potential of superconductor changes. These phe-
nomena can serve as unambiguous signals for experimental
verification of the presence of spin-triplet correlations and to
determine the spin polarization of MBSs.
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